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Systematic experimental investigations have demonstrated that the plastic deformation of micropillar
proceeds through a sequence of intermittent bursts, the sizes of which follow power-law statistics. In this
study, a stochastic model based on the power-law distribution of burst size is formulated in the frame-
work of crystal plasticity in order to investigate the temporal aspects of ﬂow intermittency in micropillar
compression. A Monte Carlo simulation scheme is developed to determine the burst size when a burst
activity is captured. This burst size is considered as the displacement boundary condition of burst
deformation. Three-dimensional ﬁnite element analysis of the model is performed and its predictions
are validated by comparison with results from both micro-compression experiments and simulation tests
of bulk crystals using the classic crystal plasticity ﬁnite element method (CPFEM). The model provides a
reasonable prediction of stress–strain responses both at the macroscopic and microscopic scales. Finally,
the capability of this model is shown with applications to the intermittent plastic deformation in micro-
pillar compressions, in particular for their burst time durations and burst velocities. The results from such
stochastic ﬁnite element analysis are shown to be consistent with earlier experimental ﬁndings and
results of mean-ﬁeld theory.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
The intermittent characteristic of plastic deformation is consid-
ered to be an intrinsic feature (Csikor et al., 2007) that is character-
ized by a series of burst activities, as shown in the compression
tests of single crystalline micropillars (Dimiduk et al., 2006a; Ng
and Ngan, 2008; Uchic et al., 2004). The characteristic sizes of
the burst activities in micropillar plasticity have already been stud-
ied by many researchers and it has been demonstrated that the
burst sizes range over at least two orders of magnitude and follow
a power-law behavior with an exponential cut-off (Brinckmann
et al., 2008; Csikor et al., 2007; Papanikolaou et al., 2012a; Zaiser
and Aifantis, 2006). There have been fewer studies on the temporal
aspects of burst activity, such as burst time duration and burst
velocity. Among such studies, recent experiments have reported
that larger burst size is generally associated with longer burst
duration (Dimiduk et al., 2010; Maaß et al., 2013; Zaiser et al.,2008). This suggests that the distributions of burst size and burst
time duration may be characterized by similar scaling functions.
The micro-compression tests provide a means for direct quanti-
tative description of the statistical attributes of burst sizes aswell as
burst time durations. However, this type of experimentalmethodol-
ogy is facilitated by small volumes of samples. Mesoscope scale
investigations (larger than 20 lm diameters) face the problem of
requiring long milling times for preparing micro-samples (El-
Awady et al., 2013), particularly for purposes of statistic investiga-
tions that require larger number of samples. Furthermore, because
of the limited time resolution of apparatus and the frequency of data
recorded, the accuracy of measurements is often a concern
(Dimiduk et al., 2010;Maaß et al., 2013; Papanikolaou et al., 2012b).
There have beenmany simulation studies to complement exper-
imental investigations on intermittent plasticity. These simulations
include three-dimensional (3-D) dislocation dynamics (DD) simula-
tions (3D-DDS) (Csikor et al., 2007), Monte Carlo (MC) simulation
(Ng and Ngan, 2008), molecular dynamics (MD) (Xu et al., 2012)
and other numerical algorithms (Greer and Nix, 2006; Zaiser and
Aifantis, 2006; Zhang and Aifantis, 2011). These simulations mainly
focus on the intermittent deformation of single-crystal metallic
Fig. 1. Schematic drawing of cumulative displacements and stress vs. time curves
in micropillar compression under the HLM.
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plasticity, dislocation-dynamics methods continue to be a formida-
ble challenge.
For the micropillars of larger sizes, the reported experimental
stress–strain behavior appears to remain in stage I glide through-
out the test, similar to those of bulk crystals (Dimiduk et al.,
2007, 2005). Thus, the employment of continuum crystal plasticity
theory to obtain a better understanding of micropillar plasticity
may be warranted (Kuroda, 2013; Zhang and Shang, 2014). Some
attempts have been made to directly correlate appropriate
constitutive models to ﬁnite element (FE) analysis that can handle
complex geometry easily, apply boundary conditions accurately
and compute efﬁciently. In most cases, FE simulations using the
phenomenological (Jérusalem et al., 2012; Maaß et al., 2009;
Raabe et al., 2007; Zhang and Shang, 2014) and dislocation-based
crystal plasticity theories (Hurtado and Ortiz, 2012; Kuroda,
2013) are employed to study micropillar plasticity because they
can analyze microscopic heterogeneity associated with plastic
deformation in materials and address the issue of high strain rate
in dislocation dynamics simulations.
Some FE analyses using crystal plasticity models have already
been employed to study size-dependent ﬂow strength (Hurtado
and Ortiz, 2012), microplastic deformation mode (Kuroda, 2013)
and smoother transition to plasticity observed in micro-compres-
sion tests (Jérusalem et al., 2012). A general introduction of strain
bursts into the crystal plasticity ﬁnite element framework that is
capable of capturing the strain bursts in the macroscopic stress–
strain behavior of single crystalline micropillar compressions, has
been described in Zhang and Shang (2014). This model can calcu-
late the burst time duration for a certain amplitude of strain burst.
In this paper, we propose a stochastic model for the intermittent
plastic process in the compression of single crystal pillars with
diameters in the range from 10 lm to 3 mm. The aim is to study
the temporal aspects of ﬂow intermittencywith variousmagnitudes
of strain bursts, such as burst time duration and burst velocity. For
this purpose, the present model incorporates the observed power-
law distribution of strain burst into a crystal plasticity framework
(Zhang and Shang, 2014). In order to reproduce the power-law
behavior of strain bursts, a Monte Carlo (MC) stochastic method is
employed to determine the burst size (if a burst activity is captured
in the model). In this case, the simulation results (i.e. burst time
duration and burst velocity) account for the scaling behavior of
strain bursts. The results of our analysis show that the distribution
of burst time durations exhibits a power-law behavior with an
exponential cut-off, suggesting the same scaling behavior as burst
sizes. Analysis of the burst velocities from different sized samples
show that they follow a power-lawbehavior and the derived scaling
exponents are consistent with that derived frommean-ﬁeld theory.
The paper is organized as follows. In Section 2 we begin by a
presentation of the plastic ﬂow process in the context of burst
activities, followed by an introduction of the stochastic behavior
of displacement burst. Its probability density function (PDF) in
the form of power-law with cutoff, is reproduced by using a Monte
Carlo stochastic method, which can approximately determine the
burst size once a burst activity occurs. Section 3 brieﬂy reviews
the basic equations of crystal plasticity and develops the crystal
plasticity framework that takes into account the stochastic nature
of strain burst. In Section 4, we describe an implementation of
above constitutive model into the ﬁnite element system ABAQUS,
and verify this model by comparing its predictions with those from
the CPFEM (Huang, 1991; Kysar, 1997) at macroscopic scales and
with the experimental observations (Dimiduk et al., 2005) at
microscopic scales. Section 5 presents a stochastic ﬁnite element
study on the temporal aspects of ﬂow intermittency in the com-
pression tests of nickel micropillars with diameters larger than
10 lm. The simulation results including distribution of bursttime durations and burst velocity, are discussed in detail. Finally,
Section 6 summarizes the results.2. Flow intermittency in micropillar deformation
2.1. Flow process
We study the micropillar deformation under the hybrid loading
mode (HLM). This testing method controls the displacement rate of
indentation platen at a constant value and does not obviously
decrease the load imposed by the nanoindentation system during
a rapid strain burst. Fig. 1 is a schematic plot of micropillar dis-
placements, shear stress vs. time from the experimental observa-
tions under the HLM (Dimiduk et al., 2006a) and a complete
description of the ﬂow process in micropillar deformation is pro-
vided elsewhere (Zhang and Shang, 2014). From this ﬁgure one
may observe that the plastic ﬂow expressed in the form of the dis-
placement–time curve includes three distinct parts: burst slip part
(Dtb), holding stage (Dth) and loading stage (nearly elastic loading,
Dtl). The burst slip part and holding stage together constitute a
strain burst as shown in Fig. 1.
The burst slip part is represented by a line segment with a slope
larger than that of the imposed displacement by the nanoindenta-
tion system. This is because a burst slip can lead to a rapid sudden
displacement on the top surface of specimen, and render the cumu-
lative displacements larger than the imposed value. At the same
time, the burst slip can cause the springs that suspend the indenta-
tion platen to be suddenly elongated. Since these springs are very
compliant, the load drop could be neglected when compared with
the total cumulative load applied on the specimen. In the case of
very low feedback frequency, the stress is always observed to be
nearly constant within a burst slip from experimental force–dis-
placement curves (Dimiduk et al., 2005; Uchic and Dimiduk, 2005).
The holding stage is ideally represented by a horizontal line seg-
ment in the displacement–time curve (Fig. 1). It occurs because the
burst slip results in a small load drop in the total applied force, caus-
ing its value to be smaller than the internal stress of specimen. In
fact, as such a process proceeds, there are always ﬁnite plastic dis-
placements occurring in terms of quiescent avalanches (Ispánovity
et al., 2010; Maaß et al., 2013; Papanikolaou et al., 2012a) induced
by cross-slips or other slower relaxation processes (Dimiduk et al.,
2006b; Papanikolaou et al., 2012a). These displacements appear to
be negligible since the displacement vs. time curves within the
holding sections always exhibit small positive slopes (Dimiduk
Fig. 2. Comparison of burst event frequency distribution vs. burst displacement
between the Monte Carlo simulation and experiment (Dimiduk et al., 2006a).
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within a holding stage is not considered and thus indicated by a
horizontal line in Fig. 1. On the other hand, the relaxed plastic
displacements can only lead to a negligible load drop due to the
compliant springs. As a result, the total stress is always observed
to be nearly constant within a holding stage.
The loading stage occurswhen the applied load becomes compa-
rable to the internal stress of themicropillar. In this case, the cumu-
lative displacements on the top surface of micropillar keep pace
with the imposed displacement by the nanoindentation system.
2.2. Burst displacement
The burst displacement A exhibits remarkable scatter, in some
cases spanning burst sizes that range over more than two orders
of magnitude. These sizes follow a statistical distribution, which is
normally described as (Brinckmann et al., 2008; Csikor et al., 2007):
pðAÞ ¼ CPAg exp ðA=AmaxÞ2
h i
ð1Þ
where p is PDF of the burst displacement, CP is the normalization
constant, g is the scaling exponent which takes a value of 1.35
(Zhang et al., 2012), and Amax is the characteristic strain of the larg-
est avalanches which is described as (Csikor et al., 2007):
Amax ¼ CAbE=ðhþ jÞ ð2Þ
in which CA is the scaling factor, b is the Burgers vector, E is the elas-
tic modulus, h is the strain hardening coefﬁcient and j represents
the effective coupling stiffness of the specimen and load-machine
system. It can be seen that as burst size asymptotically approaches
zero, the value of pðAÞ diverges. This means that only amplitudes
above a lower limit Amin exhibit the so-called power-law behavior.
But such a lower limit usually does not correspond to the smallest
value of burst displacement observed from experimental data
(Dimiduk et al., 2010). As suggested by Zhang et al. (2012), Amin
could be written as in the form of:
Amin ¼ 4b ð3Þ
On the basis of the above equations, the burst displacement A
could be predicted by using the Monte Carlo simulation scheme
as discussed in the Appendix A. The MC method here is used due
to no closed-form expression of functional inverse of the cumula-
tive probability distribution as described by Eq. (A.1). This is in
contrast to the transformation method (Clauset et al., 2009) which
is usually used to generate random values with a given distribution
based on the closed-form expression of functional inverse of the
cumulative probability distribution. Fig. 2 compares the distribu-
tion of the accepted burst displacements with the experimental
data from the micropillar with 20 lm in diameter (Dimiduk
et al., 2006a). The parameters used in such a simulation are:
CA ¼ 0:65 (Zhang et al., 2012); b ¼ 0:25 nm (Csikor et al., 2007);
j ¼ 0 (Csikor et al., 2007); E½269 ¼ 221 GPa (Waterman, 1959)
and h ¼ 221 MPa (Dimiduk et al., 2005). In Fig. 2, the numerical
results are found to be in a good agreement with the experiment
data. In other words, the MC method can reproduce the overall dis-
tribution of burst sizes that matches the experimental observa-
tions. In this case, when a strain burst occurs, its magnitude
could be approximately determined by using the MC method.
3. Crystal plasticity accounting for ﬂow intermittency
In this section, we present a stochastic model which extends the
classic crystal plasticity model by incorporating the power-law dis-
tribution of strain bursts. For this purpose, we brieﬂy summarize
the main elements of the crystal plasticity model introduced by
Zhang and Shang (2014).3.1. Kinematics
The total deformation gradient tensor F can be decomposed into
two components (Kröner, 1959; Lee, 1968):
F ¼ FeFp ð4Þ
where Fe represents the rotation and stretching of the lattice, Fp
represents the plastic shear of materials that do not change lattice
orientation and spacing. Based on Eq. (4), the velocity gradient L
is decomposed as (Roters et al., 2010):
L ¼ _FeF1e þ Fe  _Fp  F1p  F1e ð5Þ
and the plastic velocity gradient Lp, which is evaluated in the inter-
mediate conﬁguration, can be formulated as a sum of the shear
rates on all slip systems:
Lp ¼ _Fp  F1p ¼
Xn
a¼1
_casa  na ð6Þ
where unit vectors sa and na describe the slip and normal direction
to the slip plane of slip system a, respectively. _ca is the shear rate on
the same system. n is the number of active slip systems.
Substituting Eq. (6) into (5) gives:
Fe  _Fp  F1p  F1e ¼
Xn
a¼1
_casa  na ð7Þ
with sa ¼ Fe  sa and na ¼ na  F1e .
By deﬁning the symmetric and skew-symmetric parts of the
Schmid tensor with pa ¼ 12 ðsa  na þ na  saÞ and wa ¼ 12 ðsa  na
na  saÞ respectively, plastic stretching tensor _ep and plastic spin
_xp can be respectively represented as:
_ep ¼
Xn
a¼1
_capa; _xp ¼
Xn
a¼1
_cawa; ð8Þ3.2. Flow rule
3.2.1. Burst slip
The burst slip arises from the collective, avalanche-like motion
of dislocations. For micropillars with diameters larger than a few
micrometers, this avalanche-like motion is expected to result from
the destruction of jammed dislocation conﬁgurations (Csikor et al.,
2007; Wang et al., 2012) and the produced shear slips are normally
dominated by a single slip system (Csikor et al., 2007). The burst
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ring on the single slip system a, is written as:
_cba ¼ _c0 sgn
sa
ga
 
sa
ga
 1=m
ð9Þ
wherem is the rate sensitivity exponent and _c0 is the shear rate at a
reference condition. sa is the resolved shear stress for driving fast
gliding dislocations on the ath slip system, and accordingly ga repre-
sents the current resistant strength for the avalanche-like motion of
dislocations. This expression used for a burst shear-rate is actually a
phenomenological velocity law. Since a major shear-strain Dca
within burst time duration Dtb is produced on the single slip system
a, the produced strain increment De is proportional to the major
shear-strain by De / Dca. The proportionality constant would be a
function of the nature of loading geometry and orientation of the slip
system. In the simulation, the burst velocity is simplyVb ¼ LðDe=DtbÞ,
where L is the length ofmicropillar. Therefore,Vb canbe re-expressed
as Vb / LðDca=DtbÞ ¼ L _cba, which implies that the burst velocity is
proportional to the rate of the internal slip strains.
In the case of the shear rate on the other active slip systems (not
dominated by major shear slips), it behaves like the shear strain
rate on the bth slip system during a loading stage ( _clb; b–a) as dis-
cussed later, and could be described by the phenomenological
viscoplastic rule in the form of Eq. (9).
In above equation, the resolved stress sa is induced by the Cau-
chy stress r through:
sa ¼ Pa : r ð10Þ
The current resistant strength ga is related to the reconstruction
of a jammed dislocation network. To be ready for the next burst
event, a new jammed network is reconstructed during the burst
deformation (Wang et al., 2012). The reconstructed network may
indicate a dislocationmultiplication and storage process since some
micro-compression tests indeed observed that dislocation density
increased as intermittent plastic ﬂow proceeds (Maaß and Uchic,
2012). This can lead to a natural strain hardening as a back stress
that in turn suppresses the current burst activity (Miguel and
Zapperi, 2006). Thus, such a hardening process may be responsible
for the current resistant strength ga of the avalanche-like gliding
dislocations. In phenomenological hardening theories, the current
resistant strength for plastic deformation is related to the history
of the plastic shear on all slip systems, which is formulated as:
_ga ¼
Xn
b¼1; b–a
hab _clb
 þ haa _cba  ð11Þ
where the hardening matrix hab takes the form (Asaro and
Needleman, 1985):
hab ¼ qhaa; haa ¼ h0sech2
h0c
ss  s0

 ð12Þ
where q describes the latent hardening behavior, which is taken to
be 1.0 for coplanar and 1.4 for non-coplanar slip systems (Asaro and
Needleman, 1985), h0 is the initial hardening modulus, s0 is the ini-
tial value of the critical resolved shear stress and ss is the saturated
shear stress. In this formulation, h0, s0 and ss are assumed to be
identical for all the slip systems due to underlying characteristic
dislocation reactions. c is the cumulative shear slips on all the slip
systems from initial time t ¼ 0 to T:
c ¼
Xn
a¼1
Z T
0
_caj jdt ð13Þ3.2.2. Holding stage
As mentioned above, the cumulative displacements within a
whole holding stage can be ignored. This indicates negligible totalshear slips within the duration Dth. Furthermore, the holding stage
is suggested to be a slower relaxation process, which may be
induced by cross-slips or other slower relaxation processes
(Dimiduk et al., 2006b; Papanikolaou et al., 2012a). Compared with
the high strain rate of burst slip, the shear rate of holding stage _cha
could be ignored, and thus:
_cha ¼ 0 ð14Þ3.2.3. Loading stage
The loading stage, which shows a nearly elastic deformation
behavior, arises from the motion of a few dislocations. The plastic
deformation occurring in this stage results from the shear slips of
all the slip systems. This is in contrast to the burst deformation
that occurs with large shear slips, preferentially in a single slip sys-
tem. The smaller number of dislocations leads to a lower shear
strain rate as compared with the imposed strain rate, and thus
increases the external load to activate the next burst slip. Thus,
the plastic deformation within such a loading stage shows bulk-
like behavior and can be described by using classic crystal plastic-
ity (Asaro, 1983). The current resistant strength gðaÞ is attributed to
the formation of short-range interactions between all the disloca-
tions and is written as:
_ga ¼
Xn
b¼1
hab _clb
  ð15Þ
Accordingly, the shear rate in form of Eq. (9) can also be applied
to the hardening process of the loading stage but has different
physical meanings. That is, the shear rate in a loading stage shows
little inﬂuence on the dislocation conﬁguration (stable) in contrast
to that within a burst slip wherein the dislocation conﬁguration
(reconstructed) changes signiﬁcantly.
3.3. Separation of burst slip and loading stage
We separate the burst slip from the loading stage through the
average strain rate. From Zhang and Shang (2014), the general for-
mulation of the average shear rate _ca from t to t þ Dt can be writ-
ten as:
_ca ¼ ð1 nÞ _cþa ðtÞ þ n _cþa ðt þ DtÞ ð16Þ
in which n is a dimensionless constant that leads to a fast strain rate
in the burst slip compared with the loading stage by considering
smaller value of n. The superscript + is marked to distinguish the
different strain rate at time t þ Dt. For example, when a loading
stage evolves into a burst slip, _cþa ðt þ DtÞ represents the initial jump
rate of this burst activity, while _ca ðt þ DtÞ suggests the strain rate at
the end of the loading stage. In other words, the strain rate
_caðt þ DtÞ jumps from _ca ðt þ DtÞ to _cþa ðt þ DtÞ at the time t þ Dt.
In Eq. (16), when a strain burst occurs, we deﬁne Dt ¼ Dtb þ Dth.
Otherwise, we deﬁne Dt ¼ Dtl for the occurrence of a loading stage.
When the two processes evolve into each other, the produced strain
rate ﬂuctuations can render load serrations due to the constant
strain rate imposed by the nanoindentation system. It should be
mentioned that although the expression of average shear rate is
similar to that in the form of liner interpolation, it is derived
theoretically for the purpose of separating the burst slip from the
loading stage rather than for numerical convergence.
3.4. Burst slip judgment
We judge the occurrence of strain burst through load serrations.
Since the loading stage sustains an increasing load as described in
Section 2.1, the engineering stress Sl under the uniaxial micropillar
compression satisﬁes:
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On the contrary, an occurrence of burst slip satisﬁes:
_Sl  SlðtÞ < 0 ð18Þ
where _Sl could be related to the rate of stress with:
_Sl ¼ h _rli ¼ 1V
Z
V
_rldv ð19Þ
Here hi is deﬁned by hi ¼ X1 RX  dX, which represents the average
of a ﬁeld in X, and V is the current volume.
3.5. Stochastic feature of microscopic boundary conditions
On the basis of descriptions in Section 2.1, the following bound-
ary conditions are imposed on the top surface of the micropillar at
each stage, and they are shown to be changing and unpredictable
as the plastic deformation proceeds.
Loading stage:
v ¼ L  _e0; on top surface ð20Þ
where v is the velocity of the top surface of the micropillar. Nor-
mally, the loading stage is considered to be a nearly elastic loading
process and thus u / f , where f and u are the traction and displace-
ment on the top surface of themicropillar, respectively. It is revealed
that f shows stochastic nature that is related toWeibull distributions
(Zaiser et al., 2008). That means, u also follows the same stochastic
nature as f. However, we do not pursue the detained value of u in
each loading stage due to its much small proportion compared with
the burst slips throughout the whole plastic ﬂow.
Burst slip period:
f ¼ 0; u ¼ A; on top surface ð21Þ
in which, the burst displacement A could be predicted in advance by
using the stochastic method as discussed in Section 2.1, and then
the displacement boundary value u is ﬁxed accordingly.
Holding stage:
f ¼ 0; u ¼ 0; on top surface ð22Þ4. Model validation
4.1. Finite element formulation
In ﬁnite element analysis, the equations must be discretized in
order to solve boundary value problems incrementally. From time
t to t þ Dt, the external displacement increment DU is related to Dt
by DUðDtÞ ¼ Dt  _e0  L. The increments of Due are interpolated
within each element with nodal displacement increments DUi, as
introduced by DU. And Due in each element is represented as:
DueðDtÞ ¼
XNk
k¼1
MkDUki ðDtÞ ð23Þ
where Mk are shape functions and Nk are the number of nodes per
element employed for interpolations. Accordingly, from the above
relation the strain increments can be represented in the terms of
the nodal displacement increments as:
DeijðDtÞ ¼
XNk
k¼1
BkijDU
k
i ðDtÞ ð24Þ
in which Bkij ¼ 12 Mki;j þMkj;i
 
.
(i) When a loading stage occurs, the time increment is deﬁned
as Dtl ¼ Dt. The problems in such a stage can be solved
within the framework of classic crystal plasticity model(Asaro, 1983; Asaro and Needleman, 1985). From Eq. (16),
the shear strain increment Dca on the ath slip system is
computed byDcaðDtÞ ¼ _ca  Dt ¼ ð1 nÞ _cþa ðtÞ þ n _cþa ðt þ DtÞ
 
Dt ð25Þ
The above equation can be rewritten by using Taylor expan-
sions along the path that _cþa ðtÞ reaches _cþa ðt þ DtÞ via Eq. (9)
as:
DcaðDtÞ ¼ _cþa ðtÞ þ n
@ _cþa
@sa
Dsa þ n @
_cþa
@ga
Dga
	 

Dt ð26Þ
where the shear stress increment Dsa is calculated by
DsaðDtÞ ¼ Ca : DeðDtÞ 
Xn
a¼1
paDcaðDtÞ
" #
ð27Þ
in which Ca ¼ C : pa þwa  r r wa and C is the tensor of
the elastic modulus.
From Eq. (15), the increment of the current strength Dga on
the ath slip system is:
DgaðDtÞ ¼
Xn
a¼1
hab DcbðDtÞ
  ð28Þ
By substituting Eqs. (27) and (28) into Eq. (26) with the pre-
scribed components of De, the shear strain increment Dca in
the loading stage can be determined. Accordingly, the stress
increment Dr can be calculated by
DrðDtÞ ¼ K : DeðDtÞ 
Xn
a¼1
CaDcaðDtÞ ð29Þ
in which Kijmn ¼ Cijmn  rijdmn.
Then the engineering stress S and its increment DS are
computed by rewriting them as the weighted sum forms:
SlðDtÞ ¼ 1V
XNipn
ipn¼1
ripnðtÞ  n
 
wipnJipn
DSlðDtÞ ¼ 1V
XNipn
ipn¼1
DripnðDtÞ  n
 
wipnJipn
ð30Þ
where ipn is the integration point number, Nipn is the total
number of integration points, wipn and Jipn are the weight
and Jacobi matrix of the integration point ipn, respectively.
We then check if the strain burst occurs. If DSl  Sl > 0, a
load stage indeed occurs, and then we proceed to the next
time step. If DSl  Sl 6 0, a strain burst occurs, and then we
proceed to the following integration scheme.(ii) When a strain burst occurs, the time increment is deﬁned as
Dt ¼ Dtb þ Dth. In this case, the problems in such a stage are
solved by using the crystal plasticity model that considers
the ﬂow intermittency as described in this study. Parts of
the following formulations and the method of determining
the burst time duration Dtb can be found in Zhang and
Shang (2014).
The burst displacement is related with the time increment by
Dtb þ Dth ¼ A=L _e0 ð31Þ
From Eq. (16), the shear strain increment Dca on the ath slip
system is computed by
DcaðDtbÞ ¼ ð1 nÞ _cþa ðtÞ þ n _cþa t þ Dtb þ Dth
  
Dtb ð32Þ
We rewrite the above equation using Taylor expansions
through the path that _cþa ðtÞ reaches _cþa t þ Dtb þ Dth
 
through the
approach of Eq. (9) and obtain:
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b  ¼ _cþa ðtÞ þ n @ _cþa@sa Dsa þ n
@ _cþa
@ga
Dga
	 

Dtb ð33Þ
where the shear stress increment Dsa is calculated by
DsaðDt;DtbÞ ¼ Ca : DeðDtÞ 
Xn
a¼1
paDca Dt
b " # ð34Þ
and Dga ¼ DgaðDtbÞ is obtained from Eqs. (11) and (16).
Accordingly, the stress increments Dr is computed by
Dr Dt;Dtb
  ¼ K : DeðDtÞ Xn
a¼1
CaDca Dt
b  ð35ÞFig. 3. Comparison of the stress–strain responses between the present simulation
and CPFEM model; Bottom left inset shows the ﬁnite element model for [269] bulk
crystal with boundary conditions. Bottom right inset shows the enlarged presen-
tation of a portion of the curve.4.2. Stochastic ﬁnite element procedure
We conduct ﬁnite element analyses by using the user material
interface (UMAT) in the commercial code ABAQUS/Standard. Based
on the present model, only two processes including the loading
stage and strain burst occur during the plastic ﬂow. In order to con-
sider the stochastic behavior of the strain burst, the MC simulation
is performed to determine the burst displacement A before each
increment step, regardless of whether the strain burst occurs in
the next increment step.
(i) If a loading stage appears, the time increment is calculated
as Dt ¼ A=v ¼ A=L _e0, and the external displacement is
deﬁned as DUðDtÞ ¼ A, which is taken as input for Eq. (23).
(ii) If a strain burst occurs, the time increment is determined by
Dt ¼ Dtb þ Dth ¼ A=L _e0, and the external displacement is
deﬁned as DUðDtÞ ¼ A, which is taken as input for Eq. (23).
As described below, we ﬁnd that very small proportion of the
loading stages appears throughout the whole plastic ﬂow, as com-
pared with the strain bursts. In this case, the burst sizes captured
in the calculations (if a burst occurs) follow the statistical distribu-
tions described by Eq. (1), and the stochastic nature of the burst
size is thereby considered.
4.3. Validation of the algorithm
To verify the algorithm, we simulate the uniaxial compression
of nickel micropillars and bulk crystal. The simulated micropillars
have diameters larger than a few micrometers in order to allow
the assumption of homogeneous dislocation structure. For exam-
ple, the nickel micropillars with diameters larger than 10 lm
would be suitable (Norﬂeet et al., 2008). To mimic the experiment,
the single-slip with a [269] orientation is selected and the loading
is performed with a nominal axial strain rate of 1.0  104/s. The
elastic moduli used in the simulations are: c11 ¼ 246:5 GPa;
c12 ¼ 147:3 GPa; c44 ¼ 124:7 GPa (Freund and Suresh, 2003). The
strategy of determining the slip system hardening model parame-
ters (s0; ss; h0; _c0; m) has been discussed in Zhang and Shang
(2014). C3D8 type elements with full integration are used to
discretize the ﬁnite element model.
4.3.1. Bulk crystal deformation: comparison to CPFEM
We compare the results of the proposed model with those of
CPFEM, which follows the theoretical framework of Asaro (1983)
with a user-material subroutine UMAT for single-crystal plasticity
written by Huang (1991) and subsequently modiﬁed by Kysar
(1997). These twomodels are expected to show similar ﬂow behav-
ior for bulk crystal plasticity under uniform compression. For sim-
plicity, we carry out single element computations of the bulk
single-crystal nickel sample having dimensions of 3  3  3.7 mm
for both the present model and CPFEM. Such a sample is selectedfrom the compression test by Dimiduk et al.(2005). The required
hardening model parameters for both models are s0 ¼ 18:6 MPa;
ss ¼ 40 MPa; h0 ¼ 32 MPa; _c0 ¼ 0:001=s and m ¼ 0:0005. The pre-
dicted stress–strain responses from the two models are shown in
Fig. 3. It is shown that the ﬁnite element results of the present
model are nearly identical to those from the CPFEM. However,
despite an apparent smooth macroscopic curve, a large number of
staircase-like shapes are detected in the calculations from the pres-
ent model rather than the CPFEM (see inset in Fig. 3). These tiny
steps are veriﬁed to be the strain bursts (Zhang and Shang, 2014).
For compression along the axial direction up to a strain of 1.8%,
11,009 strain bursts are captured and the largest amplitude of
strain bursts is about 1.5  105 in this case.
4.3.2. Microcrystal deformation: comparison to experiments
We simulate nickel micropillars with diameters from 30 lm
to 10 lm. The characteristics of the ﬁnite element model in
microcompression simulation have been reported in the previous
research (Zhang and Shang, 2014). The slip system hardening
parameters used in the simulations are shown in Table 1.
Fig. 4 compares the predicted shear-stress vs. shear-strain
curves for Ni samples having diameters of 30 lm and 10 lm,
with those from the experimental results of Dimiduk et al.
(2005). For each diameter size, several stress–strain curves are pro-
duced by using identical set of parameters and these curves are
shown to be different (see inset in Fig. 4a) due to the stochastic
nature of burst size. In Fig. 4, the predicted stress–strain behavior
is almost comparable with the experimental observations. The
strain bursts are well captured for all the simulated samples
throughout the plastic regime, and they are clearly visible as stair-
case-like shapes on the stress–strain curves because the appear-
ance of such bursts activities are always associated with constant
stresses. These steps always consist of series of strain bursts occur-
ring in succession, and they are separated by loading stages, thus
giving rise to the well-known intermittent plastic ﬂow.
4.4. Mesh convergence
The number of elements is of fundamental importance in ﬁnite
element analysis. In this subsection, we study the mesh depen-
dency of the micropillar-plasticity analyses by using three different
levels of mesh discretization: coarse mesh (1344 elements), normal
mesh (2688 elements) and reﬁned mesh (5376 elements). The
Table 1
Hardening parameters for the present model.
Sample s0 ss h0 m _c0
30 lm 25 MPa 31 MPa 38 MPa 0.0025 0.0001 s1
20 lm 26 MPa 33 MPa 60 MPa 0.0033 0.0001 s1
10 lm 40 MPa 46 MPa 85 MPa 0.01 0.0001 s1
Fig. 4. Comparison of the shear stress vs. strain responses between the present
simulations and experiments for the micropillars with diameters of (a) 30 lm and
(b) 10 lm, respectively.
Fig. 5. Mesh convergence studies: coarse mesh (1344 elements), normal mesh
(2688 elements) and reﬁned mesh (5376 elements).
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pillar using the three different meshes are shown in Fig. 5. It is
shown that the predicted intermittent plastic behavior for the three
FE computations is not signiﬁcantly affected by a reﬁned mesh.
Because of the statistical properties of burst activities, the simu-
lated macroscopic stress–strain responses are not expected to be
fully identical for the three different meshes. In addition, the
stress–strain curves show that the discrepancy on ﬂow stress is also
less noticeable as the plastic deformations proceed. In particular,
these curves are characterized by the larger staircase-like shapes
and the intermittent plastic behavior is largely comparable with
experimental observations.
4.5. Parameter study
The hardening model parameters s0; ss and ss were obtained by
using available experimental data as inputs for the simulation of
intermittent ﬂow. The effects of m and _c0 on the predictedmacroscopic stress–strain responses are similar to that in our pre-
vious study (Zhang and Shang, 2014). That is, smaller value of the
strain rate sensitivity m results in smoother plastic ﬂow, while lar-
ger ones result in pronounced ﬂow intermittency. Therefore, the
magnitudes of m are determined by comparing the predicted plas-
tic ﬂow behavior at different values of m to the experimental
results. In addition, our calculations show that the ﬂow behavior
is not affected when the value of the reference shearing rate _c0
varies. In this work, _c0 ¼ 0:001 s1 is taken for all simulations.5. Results and discussion
5.1. Burst time duration
We ﬁrst verify whether the calculated magnitudes of burst time
durations, Dtb, exhibit a stochastic nature because they have been
revealed to follow a power-law scaling relationship based on
recent experimental investigations (Dimiduk et al., 2010;
Papanikolaou et al., 2012a). Fig. 6 displays a log–log plot of Dtb
vs. burst size A from the representative sample sizes. These Dtb val-
ues range over nearly four orders of magnitudes and their magni-
tudes exhibit large scatter with increasing burst size. In most case,
Dtb becomes longer with increasing burst size. That means, for two
different burst displacements, the occurrence of the larger one is
generally associated with longer Dtb. These ﬁndings are consistent
with the experimental observations (Dimiduk et al., 2010; Maaß
et al., 2013; Zaiser et al., 2008). From Fig. 6, it is clear that Dtb
for the same burst size varies within a certain range. In other
words, the burst time duration Dtb exhibits a stochastic nature.
It is interesting to know whether the stochastic behavior of Dtb
would be the same for the power-law scaling distribution (with an
exponential cut-off) of burst displacements. For clariﬁcation, we
plot the histogram of the size distributions on logarithmic scales
by counting the number of burst duration events within a certain
bin-size for 30 lm, 20 lm and 10 lm diameter samples, as
shown in Fig. 7a. In the plot, the data set from each sample size
contains multiple specimens in order to perform a meaningful sta-
tistical analysis. For Dtb larger than 0.2 s, it appears that the dis-
tributions follow a power-law scaling with a cut-off. This scale-free
ﬂow is observed over a range of displacements from 0.2 s to 100 s.
However, the predicted distributions show a deviation from such a
scaling law as Dtb decreases. It is noted that such distribution
behavior of Dtb is very similar to that of burst displacement A, as
can be seen in the distribution behavior of the strain bursts in some
Fig. 6. Burst time durations as a function of burst sizes for the micropillars with
diameters of 30 lm, 20 lm and 10 lm, respectively.
Fig. 7. (a) Burst time duration distributions for the micropillars with different
sample sizes. The lines represent the expression (36) that best ﬁts to the
corresponding simulation result; (b) distributions of normalized burst time
durations from the present model and the experimental data (Papanikolaou et al.,
2012b); full line represents the expression (38).
Table 2
Material parameters of the simulations.
Sample a Dtbmin Dtc Dtmax
30 lm 1.58 ± 0.07 0.09 s 21 s 19 s
20 lm 1.64 ± 0.05 0.23 s 30 s 34 s
10 lm 1.61 ± 0.08 0.42 s 66 s 78 s
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et al., 2012a). Therefore, we take the distribution function expres-
sion of Dtb to be
p Dtb
  / Dtb a exp  Dtb=Dtc 2h i ð36Þ
where Dtc is the cut-off of the burst time durations.
To verify this distribution function, we estimate both the scaling
exponent a and lower limit Dtbmin for each sample size based on
the maximum likelihood estimator (MLE) for a power-law scaling
with a cut-off (Zhang et al., 2012), and their values are listed in
Table 2. Based on these estimated values, we ﬁt the respective dis-
tribution function for the 30 lm, 20 lm and 10 lm diameter
samples to the data sets by choosing the appropriate values of Dtc.
The best ﬁtting values of Dtc are also listed in Table 2. The burst
time distributions obtained from samples of different sizes fall on
top of each other. The statistical results show that the estimated
scaling exponents converge towards a value of 1.6. One may ﬁnd
that this value is smaller than that reported in Papanikolaou et al.
(2012b) where they derived a value of 2 from a regression of log–
log probability densities by using logarithmic binning. This is
because the data analysis method used in this study generally pre-
dicts a smaller value than that derived from linear regression of the
probability densities (Zhang et al., 2012). The former method is
selected since it accounts for the inﬂuence of ﬁnite sample size
and is also able to ﬁnd the lower limit, Dtbmin, above which the
power law is a good ﬁt to the data. Finally, in Table 2 the values
of Dtc are found to be very close to that computed by the expres-
sion, Dtmax ¼ Amax= _e0. These observations suggest a distribution
function pðDtbÞ as having the following form:
p Dtb
  / Dtb 1:6 exp  Dtb _e0=Amax 2h i ð37Þ
Rescaling the simulation results by DTb ¼ Dtb _e0=Amax, the burst
time distributions derived from the samples of different sizes are
shown in Fig. 7b. For comparison, we also show the scaled exper-
imental data from Papanikolaou et al. (2012b) where the micropil-
lars having diameters between 18 lm and 30 lm were tested
under the same loading conditions as we used in the simulations.
The simulation results are in agreement with the experimental
data although the smaller burst time duration date sets are not
reported in Papanikolaou et al. (2012b).1 Moreover, the plot indi-1 The reason that the smaller burst durations are not reported by Papanikolaou
et al. (2012b), is due to the potential instrumental issues, in particular for the limited
time resolution and apparatus’ sensitivity.cates that the distributions of data sets from the scaled simulation
results and the experimental data can both be well described by a
single scaling function:
p DTb
 
/ DTb
 1:6
exp  DTb
 2	 

ð38Þ
These calculations can be complementary to the microcompres-
sion tests or other simulation studies on the mesoscopic level. As
shown in Fig. 6, the scale of the burst time durations are observed
over a range from 1 ms to 100 s. This timescale is obtained from a
single sample at various diameters. For the collective set of sam-
ples with 10 lm diameter, the smallest burst time duration
observed is 0.5 ls (corresponding to the burst displacement of
1.6 nm). This value may be compared with the experimental
results (Maaß et al., 2013) from the similar sample sizes (5 lm
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mental data (18 lm and 30 lm in diameter) in literature
(Papanikolaou et al., 2012b), we aggregate all of the burst dura-
tions from the multiple samples having diameters of 20 lm and
30 lm. In our calculations, the scale of burst time durations are
observed to be over a range of 0.2 ms to 70 s per burst activity.
Although the simulated timescale is larger than those reported in
the microcompression tests, the results for the larger burst time
durations are in reasonable agreement with the experimental data,
as shown in Fig. 7.
Fig. 7 shows that the burst time durations exhibit a power-law
behavior with an exponential cut-off but eventually deviate from
the scaling law for the smaller magnitudes. To understand such
deviation patterns, we plot the average burst velocity VbðDL=DtbÞ
as a function of Dtb for the 20 diameter sample in Fig. 8. It is seen
that the lower bound on burst velocity decreases as the corre-
sponding Dtb increases, but is eventually bounded by the imposed
velocity Vp. For Dtb 6 Dtbmin, the lower bound on Vb is attributed to
the occurrence of burst size Amin. In order to ensure that V
b is larger
than Vp; DtbðAminÞ must never exceed Amin=Vp ¼ 0:21 s when Amin
occurs. It is noted that this value is almost comparable to the lower
limit Dtbmin ¼ 0:23 s that is estimated by the MLE method (Zhang
et al., 2012). In practice, for Dtb > Amin=V
p, we found no occurrence
of Amin in our calculations. Thus, the expression of lower limit
Dtbmin may be written as:
Dtbmin ¼ Amin=Vp ¼ Amin=L _e0 ð39Þ
where Amin ¼ 4b. Using the experimental parameters (Dimiduk
et al., 2005), we obtain Dtbmin ¼ 0:11 s for 30 lm diameter sample
and Dtbmin ¼ 0:43 s for 10 lm diameter sample, respectively.
These values are in a good agreement with the estimated lower
limit Dtbmin as given in Table 2. It is seen from Eq. (39) that Dtbmin
is related to the characteristic specimen size L. This suggests that
the burst time durations exhibiting scale-free behavior tend to
become longer as the sample size decreases. But this observation
needs to be further validated by the experimental tests.
5.2. Burst velocity
To further verify the rationality of the predictions and for com-
parison with the actual experiment data (Dimiduk et al., 2007),
Fig. 9 shows the averaged axial displacement velocity, V ¼ DL=Dt,
and the shear stress as a function of time for Ni micropillar inFig. 8. Average burst velocity corresponds to a given burst time duration for the
20 diameter samples (fourteen specimen in total). The black line divides the burst
time durations into two zones, which show the characteristic of power-law
behavior and other non-power-law behavior, respectively.30 lm diameter. It is shown that many of the higher velocities
occur during the periods of constant stress. In this ﬁgure, the veloc-
ities exceeding the imposed velocity, Vp ¼ 8:4 nm=s suggest the
occurrence of the strain bursts, whereas the velocities that equal
to Vp represent the loading stages. In Fig. 9, the highest velocity
is 254 nm/s which is produced by deforming to a strain of 15%,
which is comparable to the highest velocity from compression
experiments of Ni micropillar having a diameter of 30 lm as well
(Dimiduk et al., 2007). One noteworthy feature is that some com-
pression tests recorded velocities with magnitudes smaller than
Vp (Dimiduk et al., 2007, 2010). Such low creep rates are possibly
produced by cross-slip or other induced slower relaxation pro-
cesses occurring during the holding stage. As mentioned earlier,
these additional complexities are not considered in the present
framework of crystal plasticity model and thus the smaller values
of velocities are not captured in our simulations.
Fig. 9 also shows that there is no apparent correlation between
the burst velocity and imposed load, consistent with the earlier
microcompression tests from Maaß et al. (2013). The simulations
imply that the burst velocity is primarily dependent on the
dynamic internal stress ﬁeld, rather than the imposed load by
the nanoindentation system. This can be well explained by the
present model from a theoretical point of view. As described in
Section 3.2, the occurrence of burst activity leads to a signiﬁcant
change in the dislocation network (be reconstructed), and thus is
always associated with the variation of the internal stress ﬁeld,
which accordingly change the current resistant strength for the
collective motion of dislocations. Note that the burst velocity (rate)
shows no correlation with the imposed load (see Fig. 9) and thus
the resolved shear stress. It can be seen from Eq. (9) that the vari-
ation of current resistant strength, induced by evolving dislocation
conﬁguration, changes the burst rate (velocity). In other words, the
underlying dislocation mobility is primarily determined by the
dynamic internal stress ﬁeld (Maaß et al., 2013).
Fig. 10 summarizes the average burst velocity as a function of
engineering strain for three sample sizes. The data for each sample
size in this ﬁgure are from a single specimen. It is shown that Vb is
independent of the imposed strain for all the sample sizes. Again,
this behavior is in agreement with the study of Maaß et al.
(2013) on Au nano- and micropillars. The simulations suggest that
the lost correlation between the burst velocity and imposed strain
may be attributed to the similar but not identical reconstructed
dislocation network after each burst during plastic ﬂow. This is
somewhat different from the study of Maaß et al. (2013) whereFig. 9. Stress and velocity as function of time for the 20 lm Ni micropillar during
loading process. The red line represents the imposed velocity by the nanoinden-
tation system.
Fig. 11. Average burst velocity probability density functions for the pillars of
10 lm and 20 lm diameter. Each diameter contains more than 7 specimens for
statistical analysis. The scaling exponents of power-law scaling are estimated with
1.90 ± 0.03 for 10 lm and 2.04 ± 0.02 for 20 lm diameter by using MLE (Zhang
et al., 2012).
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the little change of dislocation structure during plastic ﬂow.
The captured Vb in Fig. 10 are observed over a range of velocities
from2 nm/s to1500 nm/s per event. Such a range (for Ni micro-
pillars) is smaller than that obtained from the compression tests of
Au nano- and micropillars (Maaß et al., 2013), but comparable with
results from the compression results of LiF micropillars (Dimiduk
et al., 2010). As shown in Fig. 10, for larger Vb, they are frequently
followed by a succession of additional burst velocitieswith decreas-
ing magnitudes. This suggests self-organization back to a critical
state because these burst velocities occur in the absence of further
increase of the imposed load (Dimiduk et al., 2006a).
To investigate the stochastic nature of the burst velocities, we
sort the burst velocities into bins for the Ni pillars of 20 lm
and 10 lm in diameter. Fig. 11 shows the PDF of the burst veloc-
ity for two sample sizes. Both data sets demonstrate a power-law
scaling for larger Vb, consistent with the recent experimental ﬁnd-
ings (Dimiduk et al., 2010; Maaß et al., 2013). The data sets for both
sample sizes are ﬁt to a power-law expression pðVbÞ / ðVbÞ2; but
eventually deviate from such a power-law scaling for velocities
less than a few nm/s, as shown in Fig. 10. This behavior is consis-
tent with recent predictions in mean ﬁeld theory (LeBlanc et al.,
2012). In particular, such theory also derived a value of scaling
exponent 2 for those larger velocities.
The present results of burst velocities cannot be directly com-
pared with the available experimental data because the driving
rate, the type and size of micropillars tested experimentally are dif-
ferent. However, the present model allows us to directly compare
the burst time durations with the recent experimental observa-
tions of aggregated Ni micropillars with diameters of 20 lm
and 30 lm (Papanikolaou et al., 2012a). As shown in Fig. 7b,
the calculated burst time durations show statistics consistent with
the experimental data (Papanikolaou et al., 2012a). Despite the
good agreement of the calculations from the present model with
the predictions in mean-ﬁeld theory (LeBlanc et al., 2012), it is still
an open problem as to what extent it can describe the pillar size
with the diameters smaller than 10 lm. For example, recent
reports of compression tests of Au nano- and microcrystals have
also shown that the distribution of burst velocity follows a power
law behavior (Maaß et al., 2013), but the values of the scaling
exponent are different from the present results. In the microcom-
pression tests, the scale-free ﬂow is observed over a range of burst
velocities from 7000 nm/s to 20,000 nm/s for the aggregated AuFig. 10. Burst velocity vs. engineering strain corresponding to the micropillars
with10 lm, 20 lm and 30 lm in diameter.nano- and microcrystals with diameters of 300 nm, 500 nm, 2 lm
and 5 lm, and the scaling exponent derived from this range pro-
duces a measured value of 3. In the present simulations, however,
the scaling exponent of 2 is derived over the scale-free ﬂow range
of velocities from 60 nm/s to 6000 nm/s for the aggregated Ni
micropillars with diameters of 10 lm, 20 lm and 30 lm.6. Conclusions
In this paper, a stochastic model is developed based on the
observed power-law distribution of burst displacements in com-
pression experiments of single crystal micropillars. A Monte Carlo
approach is used to predict the burst displacement, and is incorpo-
rated in the crystal plasticity framework. The aim of this model is
to study the temporal aspects of ﬂow intermittency observed in
micropillar compression. For this purpose, the developed model
is implemented in a ﬁnite element system. This allows for the
investigations on the statistics of burst time durations and burst
velocities by using stochastic ﬁnite element analysis.
The present study has focused on the temporal aspects of ﬂow
intermittency of samples with diameters larger than 10 lm.
The simulation results show a good agreement with both the clas-
sic crystal plasticity ﬁnite element method for bulk crystals and the
experimental observations for micropillars. When applying the
present model at the macroscopic level, the calculated stress–
strain curves are nearly identical to those of classic crystal plastic-
ity ﬁnite element method. Furthermore, such a model is able to
capture large amounts of tiny strain bursts during the plastic
deformation.
For the micropillars, a number of stochastic ﬁnite element sim-
ulations based on the present model are performed in the context
of stress–strain behaviors, the burst velocity and the burst dura-
tions. The results show that the burst time duration not only exhib-
its a power-law behavior with an exponential cut-off, but also
show a deviation from the power-law behavior as the burst time
duration decreases. The estimated scaling exponents are found to
converge to a value of1.6, which is comparable to the experimen-
tal ﬁndings (Papanikolaou et al., 2012b). These results demonstrate
that the burst time durations show the same scaling behavior as
the burst sizes. As for burst velocities, the statistical analyses show
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ues decrease. The estimated scaling exponents for such burst
velocities are in good agreement with that derived from the mean
ﬁeld theory (LeBlanc et al., 2012). Moreover, our results demon-
strate that the burst velocities exhibit no correlation with imposed
strain or applied load for all sample sizes, consistent with the
recent experimental ﬁndings (Maaß et al., 2013). The simulations
suggest that burst velocities are primarily dependent on the
dynamic internal stress ﬁeld, rather than the imposed load by
the nanoindentation system. These stochastic ﬁnite element
results can be complementary to the microcompression tests or
other simulation studies on the mesoscopic level.
It is noted that simulated micropillars having diameters larger
than 10 lm show bulk-like behavior and are not quite localized
in space (Dimiduk et al., 2005). Although the model captures the
stress–strain response and the temporal aspects of ﬂow intermit-
tency in micropillar compression well in this size range, the appli-
cability of this model to describe smaller micropillars that are
localized in space remains to be seen.
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Appendix A. Prediction of burst displacement
A Monte Carlo stochastic method is used to predict the magni-
tudes of displacement bursts. Such a method is similar to the MC
simulation scheme developed in Ng and Ngan (2008).
Important information about the statistics of parameters can be
extracted from the cumulative probability function of displace-
ment bursts. Here we make use of a complementary P(A) for quan-
titative analysis, which has a value greater than or equal to A, and
PðAÞ ¼
Z
pðAÞdA ¼ CPQðAÞ ðA:1Þ
where
QðAÞ ¼ ðAmaxÞ1g
X1
n¼0
ð1Þn
n!ð2n gþ 1Þ 1
A
Amax
 2ngþ1 !
ðA:2Þ
and the constant CP ¼ 1=QðAminÞ is calculated by normalization:Z Amax
Amin
pðAÞdA ¼ 1 ðA:3Þ
The decision process for burst displacement is described as
follows. The initial magnitude of displacement burst is assumed
to be equal to:
A ¼ Amin þ R Amax  Aminð Þ ðA:3Þ
where R is a random number, R 2 ½0;1. As suggested by Ng and
Ngan (2008), R1 could be calculated by:
R ¼ r1  r2 ðA:3Þ
where r1 and r2 are two independently generated random numbers,
uniformly distributed in the interval 0 6 r1; r1 6 1. Note that P(A) is
a probability that the magnitude of displacement burst is larger
than or equal to A. From Eq. (A.1) the value of PðAÞ ¼ P½Aminþ
RðAmax  AminÞ can be calculated.
The decision procedure for the magnitude of displacement burst
also involves generating a random number r3 that is uniformlydistributed in the interval 0 6 r3 6 1. FromEq. (A.3), if the calculated
P(A) is larger than or equal to r3, this burst displacement is accepted;
Otherwise, the value r3 is kept unchanged and the initial hypothesis
magnitude A is cut by coefﬁcient c; c 2 ð0;1Þ, leading to A ¼ cA. This
process repeats until the relationship PðAÞP r3 is fulﬁlled, and this
magnitude is then determined to be the burst displacement.References
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